THE RANK OF THE C ARTIER OPERATOR ON CYCLIC 
COVERS OF THE PROJECTIVE LINE 



ARSEN ELKIN 



Abstract. We give a bound on the a-numbers of the Jacobian varieties of 
Kummer covers of the projective line in terms of their ramification data and 
the characteristic of the base field. 



1. Introduction 

Let k be an algebraically closed field of characteristic p > 0, and, for an integer 
g > 1, let Ag^i denote the moduli stack of principally polarized abelian varieties of 
dimension g defined over k. Space A g ,\ can be stratified according to the invariants 
of the kernel of multiplication by p map of the abelian varieties, considered as a 
group scheme, such as p-rank, Newton polygon, and Ekedahl-Oort type. These 
stratifications can then be induced onto any subfamily of abelian varieties. For 
example, the points of the moduli space M g of smooth projective curves of genus 
g defined over k can be considered as a locus in A g ^\ via the Torelli morphism and 
thereby M. g can be stratified by invariants of the p-torsion of the Jacobian varieties 
of such curves. 

One of such invariants is the a-number a x of an abelian variety X, defined as 

a x := dimfcHom(a p , X [p]), 

where a p is the kernel of the Frobenius endomorphism on the group scheme G Q 
(a p = Spec(k[x]/x p ) as a scheme), and the group scheme X[p) is the kernel of 
multiplication by p on X. When X = J(C), the Jacobian variety of a curve C, we 
write ac instead of djm) and refer to it as the a-number of C. 

The a-number plays the following role in the Ekedahl-Oort stratification of A 9: i, 
which is known [10) to be the stratification by the isomorphism classes of the p- 
torsion. For an abelian variety X of dimension g there exists [9] an exact sequence 

o -». b°(x, n x ) -». hJh(X) b°(x, n x ) -». o, 

via which one can consider H°(X,Q X ) to be a vector subspace of the de Rham 
cohomology space H^ R (X). If V is the Verschiebung operator on Hj R (X), then 
R°(X,n x ) = FHj R (l) is the ^-dimensional space of the canonical filtration [6] 
of Hj R (X). Therefore, if v x = Wx,i> ■ ■ ■ , v x,g] denotes the final type of X, then 
v Xi g := dim(VH (X, fl x )). It is known [8l (5.2.8)] that a x equals the dimension 
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of the kernel of the action of Verschiebung on H°(X, Q x ) and therefore 

vx.g = gx - ax- 

Of a particular interest are abelian varieties X for which gx = ax or, equivalently, 
whose Ekedahl-Oort final type is [0, ... ,0]. These are precisely [5J 1.6] the abelian 
varieties that are isomorphic to a self-product of a supersingular elliptic curve, and 
are known as the superspecial abelian varieties. 

For an integer < a < g, let us write T g ^ a for the locus in A g ,\ of points 
corresponding to abelian varieties X with ax > a or, equivalently, vx.g < g — a in 
the final type of X. For example, T 9iff is the locus of superspecial abelian varieties. 
A result of Re [IT] states that if 

. 2 g p - 1 

g — a < — r- H . 

p(p +1) p + 1 

then MgP\T g ^ a is empty. Let T-L g denote the locus in A g ,\ of points corresponding to 
Jacobian varieties of hyperelliptic curves of genus g defined over k. Re also proves 
that if 

g p+l 

g-a< — , 

P 2p 

then H g Pi T 9ia is empty. 

In this paper, we reexamine these results for the subloci of A 9t i corresponding 
to Jacobian varieties of Kummer covers of the projective line ¥\ and, in particular, 
obtain improved bounds for such curves, including the hyperelliptic curves. We 
make extensive use of the fact [9] that for a smooth projective curve C the action 
of Verschiebung on H (J(C), f^^) = H (C, Qq) coincides with the action of the 

Cartier operator [4] on B°(C,Qq). 

Let 7r : C — > be a smooth branched cyclic cover of order n relatively prime to p. 
Denote by aj., . . . , a r G Pj,(fc) the branch points of n. Then C is the projectivization 
of an affine curve given by equation 



IK 3 



3=1 

CKj 7^00 



for some integers < rij < n. If aj = oo for some 1 < j ; < r, then there is a unique 
choice of < n } < n so that 

r 

rij = (mod n) . 

3 = 1 

If 7r is not ramified over infinity, this congruence is automatically satisfied. If C is 
connected, which we assume to be the case throughout this paper, then the greatest 
common divisor (n, n\, . . . , n r ) = 1. The integers n\, . . . , n r are well-defined up 
to a permutation and simultaneous multiplication by a unit in Z/nZ. The tuple 
n = (n; n\, . . . , n r ) is referred to [3] as the (ramification) type of n, or of C. The 
genus gc of C is given [71 (4)] by the formula 

1 1 r 

gc = 2 n ( r - !) - 2 5.^"' + L 

3=1 

Given a valid ramification type n, we write %pi, n f° r the locus in A g ^i of points 
corresponding to the Jacobian varieties of smooth cyclic covers of of type n, 
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where g is the genus of curves of type n. For example, Hpi n = H g for n := 
(2; ). 

2g 4- 2 times 

Fix a primitive nth root of unity £ £ k. Then there exists a generator 8 of 
Gal(C/Pj,) acting on the closed points of C by (x, y) H> (x, (~ 1 y). By functoriality, 
(5 induces an automorphism 5* of the vector space H°(C, fl c ), and 

n-l 

H°(C,0^) = 0P { , (1.1) 

i=0 

where T>i denotes the (^-eigenspace of S*. The dimensions di := dim(Pi) of these 
spaces are given by 

r 

d i = y2(in j /n) - 1. (1.2) 
j'=i 

In particular, do — 0. Here, [•] denotes the ceiling function, |_-J denotes the floor 
function, and (■) is the fractional part. For example, (m/n)n is the reduction of m 
modulo n. 

Finally, the Cartier operator satisfies c ^(ff n ijS) = and therefore 

n 

for all 1 < i < n. Since (p, n) = 1, the function i \-t {pi/n)n is a permutation on the 
set {1, . . . , n — 1}, and we denote its inverse by er. In other words, ^(X*;) C "D a ({\. 
Our main result is 

Theorem 1.1. Let tt : C — > P^. 6e a Kummer cover of type (n; ni, . . . , n r ) defined 
over an algebraically closed field of characteristic p > 0. Define di and a(i) as 
above. Then 

n— 1 n—1 

^min(2Ld l /pJ,d <J ( j) ) < gc ~ a c < min(rf i , d CT(i) ). 

i=l i=l 

As a particular case, we almost double Re's bound for hyperelliptic curves, for 
which Pi = H°(C, tyk), and so o?i = g. 

Corollary 1.2. If p > 2 and integers < a < g satisfy 

9 - a < — - 2, 

ften n T 9i£l is empty. 

In addition, we obtain the following result. 

Corollary 1.3. Let C be a superspecial Kummer cover of¥\ of ramification type 
(n; m, . . . , n r ). TTien /or eac/i 1 < i < n — 1, one /ias dim(2?i) < p. In particular, 
gc <{p-l)(n-l). 

For n<(p+l)/2 this bound is an improvement over the bound g < p(p — l)/2 
in [5] . Even though the latter result is sharp for smooth curves in general, examples 
of sharpness come from certain Fermat curves that fall outside the class of curves 
we consider. 

We also prove that the a-number of a Kummer curve in characteristic 2 depends 
only on the ramification type of the curve, and not on the location of the branch 
points. 



4 



ARSEN ELKIN 



Corollary 1.4. Let k be an algebraically closed field of characteristic p = 2. and C 
be a Kummer cover o/Pjf. of ramification type (rt; m, . . . , n r ) defined over k. Then 

n-l 

ac = X! min ( rf i) rf o-(i))- 
i=l 

This article is structured as follows. Section [2] contains a review of the structure 
of the space H°(C, fi 1 ,) of regular differential forms on C. In Section|31 we compute 
the action of the Cartier operator operator on H°(C, Finally, Section [4] contain 
the proof of Theorem 1 1.1 1 and Corollary 1 1.31 

The author would like to thank Dr. Rachel Pries for her guidance and insightful 
discussions on the subject of this work, and the referee for helpful suggestions and 
further inspiration. 

2. Regular differential forms 

First, we examine the action of the group /i n (fc) of nth roots of unity in k on 
H°(C, Qq ). The entire contents of this section can be found in [3] and [7J, but for 
clarity we restate them here without proofs. 

Let 7r : C — > P\ be a connected branched cyclic cover of order n (not necessarily 
prime) that is relatively prime to the characteristic p of an algebraically closed field 
of definition k of C. Let B C V\{k) be the branching locus of the map it. It is 
a well-known fact of the Kummer theory that C has an affine model given by an 
equation y n = f(x), where / £ k[x). After a change of variables, we may assume, 
without loss of generality, that / £ k[x] and 

f{ X ) = n (x - 

a£B-{oo} 

for some integers 1 < n a < n. If it is not ramified over oo £ Pj.(fc), then 

^2 n a = (mod n). (2.1) 

The converse is also true. Therefore, if oo G B, we can find a unique integer 
1 < "-oo < n such that congruence (|2.ip is satisfied. The tuple (n; n a \ a £ B) is 
the ramification type of C . For convenience, we set n a = for a (ji B and denote 
deg(/) = J2 a eB-{oo} Ua by N ■ Note that from congruence (|2.ip it follows that 
(n, rioo) = (n, iV). 

By examining the divisor of riaefc^ — ^"dx/y 1 for < i < n and a choice of 
j a £ Z for a £ fc with only finitely many j' a ^ it can be seen that this differential 
form lies in H°(C, f2^) if and only if j a satisfy 

> in a for all a £ A;, and (2.2) 
< iN. (2.3) 

If we define 

jmin,a.i ■ — L^^a/^J , 



(ja + l)n 
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then condition (|2.2|) becomes j > jmin,a,i- Note that j m i n ,a,i > 0, and that j m in,a,i = 
whenever n a = (i.e., a £ B). Therefore it is possible to define polynomials 

hmin,i( x ) '■= l[( x a)- 7min ' Q ' i 

aek 

for each < i < n. We have deg(h m i n ,i) = Eaeki™":".'' Condition (|2.3p can be 
rewritten as J2 a ek3<* ^ Jmex.i, where 

jmax,i := \iN/n] - 2. 

We conclude that h(x)h m i n ^(x)dx /y l £ H (C, fi^) for some /i £ fc(ir) if and only if 
h 6 fcfz] and deg(/j) < j ma x,i — deg(/i m ; ni i). For example, for i = this condition 
becomes deg(h) < —1. We set 

:= h minii (x)dx/y\ 
If we define subspaces 2?, C H (C, fijk) by 

:= {ft.(x) | ft, G fc[ar], deg(h) < j max ,i - deg(/i minjl )} 

then 

dim(I>i) = j max ,i - deg(/i mln ,j) + 1 

= [iiV/n] - L*"-a/«J - 1 

tt£B-(oo} 

= ^ in a/n - ^ l in »/ n \ - 1 
= ^ ( in a/n) - 1. 

By a counting argument, it can be shown that 

n-i 

H°(C,0^) = 0Pj. 

i=l 

and so £>i are precisely the eigenspaces defined in Section [1] with T> = {0}. Dif- 
ferential forms 

Wij := x 3 ~ u)j t \ (2-4) 
with 1 < j < di := dim (X>,) form a basis of T>i. 

3. C artier Operator 

In [3], Cartier defines an operator ^ on the sheaf fi^ satisfying the following 
properties 

(1) Vfa + wa) = + ^(wa), 

(2) ^(ft?w) = Mf(w), 

(3) tf(<fe) = 0, 

(4) c i(dzjz) = dz/z, 

for all local sections uj, ui±, U2 of il^ and z of 0c- The first two properties are 
collectively referred to as p _1 -linearity. It follows that for a local section 

w = (h p + h\z + . . . + h^zP-^dz/z 
of £Iq with nonzero z, we have 

^(ui) = hodz/z. 
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This operator induces a p 1 -linear map 

"if :H°(C,^)->H°(C*,^). 
If one defines rank(^) := dim fc <*f(H (C, fyk)), then 

a c = 9c - rank(^). 

Define integer- valued functions e and <r on {1, . . . , n — 1} as follows. 

(1) 1 < a(i) < n — 1 is the unique integer satisfying po~{i) = i (mod n). 

(2) < e(i) < p — 1 is the unique integer satisfying ne(i) = —i (mod p). 

Then 

po-(i) — ne(i) = i. (3-1) 

Indeed, by the Chinese Remainder Theorem, pa(i) — ne(i) = i (modpn), and 
equality (|3.ip follows from the bounds on o~(i) and e(i). 

Remark 3.1. By composing it : C — > ¥\ with a suitable automorphism of Pj. we 
can obtain a covering of P^ isomorphic to C that is not ramified over oo £ Pfe(fc)- 
Since the a-number is an isomorphism invariant, we may assume, without loss of 
generality, that 7r is not branched over oo, and therefore n divides N . Further, we 
make that assumption. 

We will require the following result. 

Lemma 3.2. For all < i < n, rational function 

hmk.i '■— f ^ ^min,i/^min.er(i) ^ k(x) 

is a polynomial with 

deg(/i rn k,i) = pd a {i) -di+p-1 
all of whose zeros have orders less than p. 

Proof. Let a £ k. Then 

ord Q (/i rn k,j) = e(i)ord Q (/) + ord Q (/i milM ) - pord Q (Vin, ( r(i)) 

e{l)n a -\- jxnin,a,i Pjmin,a,a(i) 

e{l)n a -\- Jmin, a, pcr(z) — ne(z) Pjrnin,a,cr(i) 

= t{i)n a + [(po-(i) - ne(i))n a /n\ -p[a(i)n a /n\ 
= [pa(i)n a /n\ -p [a(i)n a /n\ . 

Obviously, < ordo,(/i rn k,i) < p — 1, as claimed. Notice that if n a = 0, then 
ord Q (/i rn k,i) = 0. In other words, polynomial /i rn k,i has a zero at a 6 k only if 
ae B - {oo}. 

Finally, we know that di = j max ,j: — deg(/i m i n ^) + 1, and therefore, 
deg(/i rnk ,i) = Ne(i) + j max ,i -d t + l 

-P(jmax,<j(i) - ^o-(i) + 1) 

= pd a (i) - di 

+Ne(i) + (\N(pa(i) - ne{i))/n\ - 1) - p ( \Na(i)/n] - I) 
= pd a (i) - di +p- 1. 

□ 
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Corollary 3.3. For < i < n, define polynomials /^o, • ■ • , fi,p-i G k[x] by decom- 
position 

p-i 

hruk t i(x)=^2fi tt {x) p x t , (3.2) 

t=0 

where ftxnk.i G M x ] *s defined in Lemma \3.2\ Then ideal (fifi, . . . , is i/ie itm< 

ideal of k[x] . 

Proof. Indeed, a common root of f i (i , . . . , /j p _i would be a root of /i rn k,i(^) of 
order no less than p, contradicting Lemma 13.21 □ 



Theorem 3.4. Let k be an algebraically closed field of characteristic p > and 

C:y n = f{x) 

be a Kummer cover of Pi defined k with the roots of polynomial f £ k[x] having 
order less than n. Let uji.j be given by (|2.4j) . and polynomials /^o, . . . , fi, P -i be 
defined by decomposition (|3.2p . Then 

^{uJij) = X^/ pi fi,(-j/ p ) p (x) W^i),!. 

Proof, (after 12j) By equality y^ 4 )' 1 = = f(x) e ^. Therefore, 

^(cJij) = tf(x j - 1 h m5xi!i (x)dx/y i ) 

□ 

Remark 3.5. Since j < di, we have [j/p\ < [di/p\. Also note that 

deg(/i,j) < deg(/ i) ((_ di _ 1 ) /p>? ,) 

= L de g(^rnk,i)/Pj 
= d<7(») - L^i/Pj . 

for all < j < p— 1, since the leading term of fiJi-d,i-i)/p)p comes from the leading 
term of /i m k,i- 

4. Rank of the Cartier operator 
In proving Theorem ll.il we will require the following technical result. 



Lemma 4.1. Let fx, . . . , f r £ k[x] be polynomials such that (fx, ■ ■ ■ , f r ) is the unit 
ideal ofk[x], and letm>0 be an integer. Put d := maxi<i< r (deg(/i)). If we define 
a vector subspace V of k[x] by 

V ■= {/i.9i + ■ ■ • + fr9r | 9i, ■ ■ • , 9r G k[x], deg{g 3 ) < m for all 1 < j < r} , 
then 

dim(y) > min(2m, m + d). 
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Proof. Further, we assume, without loss of generality, that none of fi are zero, and 
that deg(/i) = d. For 1 < i < r, let hi £ k[x] be the greatest common divisor 
of /i, . . . , f i} i.e., the monic polynomial satisfying (hi) = (/i, . . . , fi). Also define 
vector subspaces 

Vi := {/1.91 + . . . + fi9i | ffi,. . .,gi € fc[z], deg(ffj-) < m for all 1 < j < «} 

of V. Thus we obtain a flag V\ C • • • C V r = V of V. Notice that statements of 
linear dependence in Vi are equivalent to those of existence of syzygies /i<7i + • ■ • + 
fi9i = with deg(gi) < to and not all of £ fc[x] equal to zero. 

We proceed by induction. Obviously, dim(Vi) = to. In addition, hi — gi E V\. 
Suppose that hi G Vi. Then Vi — {hig \ g s k[x], deg(g) < dim(Vi)}. There exist 
nonzero polynomials u and v of lowest degree such that hiU — fi+iv. Since (/ij+i) = 
(hi,f i+ i), we have (hi/h i+ i)u = (f i+1 /h i+ i)v with hi/h i+ i and f i+1 /h i+ i being 
relatively prime polynomials. By the minimality condition imposed on the degrees 
of u and v, these polynomials are constant multiples of fi+i/hi + i and hi/hi + i, 
respectively. The space 

{fi+ig I 9 G fc N, deg(g) < deg(w) = deg(/i 4 //i 4+ i)} 

intersects space Vi trivially, since otherwise there would exist a nonzero polynomial 
g of degree less than that of v such that fi+ig 6 K C (/ij), which would be a 
contradiction. If deg(u) > m, then subspaces 

:= {/i+i.9 | .9 £ deg(g) < m} 

and of intersect trivially. Therefore, Vi + i = Vi ® Wj+i, 

dim(y) > dim(V" 4+ i) 

= dim(V^)+dim(W i+1 ) 

> dim(Vi)+m 

= 2m, 

and we are done. 

On the other hand, if deg(w) < to, then 

W i+ i := {fi+ig | g e k[x], deg(g) < deg(u)} 
intersects Vi trivially, and V^+i = Vi © Wi + i with 

dim(V5+i) = dim(V-) + dim(W i+1 ) 
= dim(Vi) + deg(u) 
= dim(Vi) + deg(ftj) - deg(/i i+ i) 
= dim(Vi) + deg(fti) - deg(/i i+ i), 

the last equality following by induction on i and telescoping of the degrees. In 
addition, hi+i, which is a constant multiple of vhi, lies in V^+i. If the latter 
outcome holds for every 1 < i < r, then 

dim(y) = dim(K) 

= dim(Vi) + deg(fti) - deg(/i r ) 
= m + d, 



since /ii = /i and h r = 1. 



□ 
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Remark 4.2. In Lemma 14.11 if r = 1 or 2, then a strict equality dim(V) = 
min(2m,TO + d) holds. Indeed, if r — 1, then f\ is a nonzero constant, d := 
deg(/i) = 0, and dim(l^) = m = to + d. 

If r = 2, let u and v be nonzero polynomials of smallest degree such that fiu = 
fiv. Since (fi, f%) = 1, u and v are constant multiples of fi and /1, respectively. 
One has V = V%, and by the inductive step of Lemma 14.11 either m < d and 
dim(V2) = - 2m, or d < to and dim(V2) — m + d. 

Corollary 4.3. With all terms as defined in the previous sections, 
min (2[d l /p\,d a i yi) ) < dim^l^)) < mm(di, d a (i)). 

Proof. Combine Lemma f3.2[ Corollary 13. 3[ Theorem 13.41 and Lemma [4.11 Apply 
the latter to polynomials fao, ■ • ■ , fi,p-i, using m = \di/p\ and d — d a ^ — [di/p\ , 
chosen so due to Remark 13.51 

The second inequality follows from the fact that the dimension of the image of a 
p _1 -linear map does not exceed the dimensions of the domain and codomain. □ 

Proof of Theorem ll.il From direct sum decomposition (|1.1[) it follows that 

n-l 

rank(^) = ^ dim(<if (£>,))■ 
i=l 

Now apply Corollary [O] and [8, (5.2.8)]. □ 
Proof of Corollary 11.31 One has 

di = ^2(in a /n)-l 

aeB 

= ^2({P°'{ i ) - ne{i))n a /n) - 1 

aeB 

= ^2(pcr(i)n a /n) - 1 

aeB 

- ^ p(a(i)n a /n) - 1 

aeB 

= Pd„(i) + p - 1, 

and therefore \di/p\ < d a ay Thus, if d, L > p, then mm(2[di/p\ , d^uy) > 1 and 
5c - «c > 1- □ 

Proof of Corollary \l-4\ Recall that p = 2. If <ij is even, then 2[di/pJ = di and, by 
Corollary [Ol dim(y(£>i)) = min(d i , d (T(l) ). 

Suppose that di is odd. Then ((— di — l)/p)p = 0, and therefore deg(/i i o) > 
deg(/i,i). Apply Remark[0]to fi,o and f itl with d = deg(/ i)0 ) and to = (dj + l)/2. 
The dimension of the vector space 

V = (fi,o9o + fi,i9i I 9i € fc[x],deg(gi) < m for i = 0, 1) 

equals min(2m, m+d). But 2to = di + 1 and m+d = ([di/pj +l) + (d (T ( i ) — |_dj/p_|) = 
do-(i) + 1. Therefore, 

dim^^)) > dim(V) - 1 

= min(d l ,d CT (j ) ). 
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But by Corollary 14. 3[ dim^ '(T>i)) < min(<i£, d a u\). We again obtain equality 
dim^£{T>i)) = min(di, d a u,\), and the desired formula follows by direct sum de- 
composition (|l.ip . □ 
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